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Abstract

We study a model in which the same set of bidders, with perfectly correlated valuations across units,
compete for two units of a good in two sequential ascending-price auctions. The seller sets a reserve price
before the beginning of each auction. Surprisingly, the equilibrium has a simple structure; strategic non-
disclosure of information (i.e., pooling) only takes the form of non-participation in the early auction by
bidders with valuations below a threshold, while bidders with valuations above the threshold participate
and bid truthfully; that is, they stay in the auction until the price reaches their true valuations. The
participation threshold is strictly higher than the reserve price in the ..rst auction, so some buyers who
would ..nd it pro..table to buy at the reserve price select not to participate in order to attempt to
decrease the reserve price in the second auction. Participation in the ..rst auction is lower than under
full commitment, but the probability of at least one bidder participating in the second auctions is higher.
As a by-product, our analysis provides a rigourous argument in favor of the theoretical advantages of

ascending auctions.
Keywords: repeated auctions, ratchet eaect, participation, reserve price.

JEL: D44 & D82.



1 Introduction

In recent years there has been a surge of theoretical, empirical and practical interest in auctions (see,
for example, Klemperer’s survey (1999) and Milgrom’s book (2001)). A great deal of attention has been
devoted to the simultaneous ascending auction of multiple units to bidders with multi-unit demands due,
at least in part, to the successful use of such auctions by the FCC to allocate spectrum rights. A consensus
has emerged that this auction format, with or without combinatorial bids, is particularly appropriate for
designing procedures to allocate the rights to operate in newly created markets.

One of the important arguments, besides those related to the Linkage Principle,! in favor of an
ascending auction as opposed to a ..rst-price or a Vickrey auction, is that bidders are reluctant to reveal
their true valuations. Rothkopft et al. (1990, pp. 108) ..rst note: “Vickrey auctions are rare because
bidders are reluctant to follow the truth-revealing strategies that the ‘proper’ operation of such auctions
would require. Bidders have good reasons to be reluctant when they may lose a fraction of the economic
rent revealed by the sealed second-price format in subsequent negotiations.”? If revealing one’s valuation
leads to potential future losses, then equilibrium in a ..rst-price and a Vickrey auction involves substantial
pooling of bids and complex equilibrium strategies. At work here is the well-known ratchet ezect from
the planning and principal-agent literature. Laoont and Tirole (1988), for example, show that when
information takes a continuum of values, local dynamic incentive compatibility implies that separation
of agent types is not feasible. A lot of pooling occurs in equilibrium; that is, agents undertake identical
actions for dicerent values of their information.

In what precise sense are ascending auctions theoretically superior on that respect? Since a bidder’s

1See in particular the seminal paper by Milgrom and Weber (1982).

2 Ausubel and Milgrom (2001, pp. 6-7) elaborate on this: “the revelation of bidders’ maximum willingness to pay during
the auction can be problematic ... Winning bidders may fear that information revealed by their bids will be used by
auctioneers to cheat them or by third parties to disadvantage them in some negotiation ... A bidder’s motive to conceal
its information can destroy the dominant strategy property that accounts for much of the appeal of the Vickrey auction ...
a similar case can be made against ordinary ..rst-price auctions, since the theoretical bid functions are invertible to reveal
bidders’ values. In this respect, ascending auctions are theoretically superior to both kinds of sealed bid auctions because
they better conceal the winning bidder’s valuation.”



decision to participate and stay in the auction does reveal some information to the seller, it is far from
obvious that little pooling and a simple equilibrium structure would emerge in ascending auctions. In
this paper, we provide a rigorous answer to the previous question: we prove that ascending auctions are
immune, or at least less prone, than ..rst-price or Vickrey auctions to ratcheting ecects in a dynamic
setting. The setting we analyze is one in which bidders are justi..ed in their reluctance to reveal their
valuations: we study sequential auctions, in which bidders have correlated valuations for multiple units,
while the seller can freely set the reserve price at the beginning of each auction, which enables him to
exploit in late auctions information about bidders that might have ..Itered out in early auctions.

The setting is also one of clear practical importance. Many goods, services and contracts are allo-
cated in sequential auctions, sometimes with quite long time periods between two consecutive auctions,
sometimes with several auctions almost in a row. As documented in the literature, estate (art, stamps,
books, etc.), cattle, ..sh, vegetables, timber and wine are often allocated in comparable lots at sequential
auctions, to a quite well-established and limited group of potential buyers.?

There are several reasons that explain the use of sequential auction procedures in practice. First,
the units may not be available at the same time and yet, when available, they may be perishable and
would then have to be sold separately. This is a particularly relevant explanation for ..sh, towers, timber,
vegetables, etc.* Second, when the auctioning party is a government or a public authority, committing
to a future reserve price, or pricing policy, is often impossible or illegal. This is relevant for the auction
of many kinds of concession contracts, operating licenses and leases in which the duration of the contract
is of several years, and it is anticipated that another auction will take place at the renewal stage. In spite
of their importance, these auctions have not been studied in the literature; this paper ..lIs this gap.

We assume that bidders’ valuations for the units, in two sequential auctions, are perfectly correlated

3See, e.g., Cassady (1967), Ashenfelter (1989), Donald, Paarsch and Robert (1997, 2001), Lazont, Ossard and Vuong
(1995) and Milgrom (2001).

4See, e.g., the discussion in Weber (1983) and, for details concerning timber auctions, Donald, Paarsch and Robert
(2001).



across periods, since strategic retention of information is particularly severe under these conditions.
Nevertheless, we are able to characterize the equilibrium path and to show that in our model strategic
non-disclosure of information (i.e., pooling) only takes the form of non-participation in the early auction.
Bidders with valuations below a threshold do not participate in the ..rst auction, while bidders with
valuations above the threshold participate and bid truthfully; that is, they stay in the auction up to the
point where the price reaches their true valuation. Intuitively, this is because in an ascending auction the
winner only reveals a lower bound on his valuation. The participation threshold is strictly higher than
the reserve price in the ..rst auction, so some buyers who would ..nd it pro..table to buy at the reserve
price select not to participate in order to attempt to decrease the reserve price in the second auction.

If it were possible, the seller would want to commit to the same reserve price in both auctions. This
reserve corresponds to the reserve price in the optimal static auction for a single item. We show that in
our model participation in the ..rst auction is lower than under full commitment, but that the probability
of at least one bidder participating in the second auction is higher than in the optimal auction. Finally,
we show that our results are speci..cally due to the ascending auction format since, in a sequence of two
second-price auctions, other things being identical, the ratchet ezect prevents information disclosure in
the early auction and induces pooling.

There are some papers that study the choice of a reserve price in single-unit auctions but with some
dynamic considerations. McAfee and Vincent (1997) study single-item auctions in which the seller can
set a reserve price, but cannot commit not to re-auction the object if a sale fails. They prove the revenue
equivalence of a ..rst and a second-price auction. They also show that if the time between auctions
goes to zero, then the seller’s expected revenue converges to the revenue of a static auction without a
reserve price. Burguet and Sakovics (1996) study a single-item, ..rst-price auction, with a large number

of potential bidders and endogenous entry. Bidders who decide to participate must pay a cost to learn



their valuations; the seller may set a reserve price, but if the object goes unsold, he must ozer it for sale
at another auction without a reserve price. They show that a reserve price that restricts participation
may be optimal. Haile (2000) studies a single-item, second-price auction with a reserve price between two
bidders with imperfect information about their valuations. If the good is sold, then all bidders’ valuations
become known and e@cient bargaining takes place if there are gains to be realized (e.g., the item is not
in the hands of the highest valuation bidder). Haile shows that in equilibrium there is partial pooling of
bids at the reserve price.

Among the papers on sequential auctions with multi-unit demands, the ..rst to be mentioned is
Ortega Reichert’s (1968) analysis of a two-bidder, two-period, sequential ..rst-price sealed bid auction
with positive correlation of bidders’ valuations across periods and across bidders. He shows that a
bidder in the ..rst auction is less aggressive than in a one-shot auction, so as to induce more pessimistic
beliefs by his rivals about his likely future valuation and thus reduce competition in the second auction.
Hausch (1986) studies a similar model, but focuses on whether the seller prefers to sell the two objects
sequentially or simultaneously. The underbidding uncovered by Ortega Reichert has a negative eoect
on seller’s revenue. Hausch shows that there is an opposite, informational ezect at work in a sequential
auction that raises the seller’s revenue; more information may be revealed.

Weber (1983) is a standard reference for the discussion of a number of issues relating to sequential
auctions, including bidders’ multi-unit demands. More recently, Donald, Paarsch and Robert (1997,
2001), Montmarquette and Robert (1999), and Katzman (1999) analyze sequential auctions where bidders
are interested in acquiring several units, but they focus on models where bidders’ valuations for the
dizerent units are independent (but ranked in decreasing order). Therefore, in these models, the bidder
who wins a given auction is not concerned about revealing his valuation. Luton and McAfee (1986) study

a sequential procurement auction in which the auctioneer (the buyer in their case) can commit to an



optimal mechanism. In their model bidders learn between auctions, and a bidder’s cost in the second
auction may be lower (but never higher) than in the ..rst. They show that the buyer commits to a policy
that discriminates in the second auction against the winner of the ..rst.

This paper proceeds as follows. In the next section we introduce the model. In Section 3 we study the
continuation equilibria for a ..xed, ..rst-auction reserve price. In Section 4 we complete the characteriza-
tion of the equilibrium of our sequential ascending auction. In Section 5 we show that equilibrium in a
sequential second-price auction exhibits a lot of pooling; the ..rst-auction bids never reveal the bidders’
valuations. Section 6 concludes.

2 The Model

2.1 Information and auction format

A seller wants to sell two units of a good to n potential bidders, indexed by 4, in a sequence of two
ascending-price auctions. While being committed to the use of ascending price auctions, at the start
of each auction the seller is free to choose a reserve price, below which he will not sell the good. His
valuation for each unit of the good is constant and normalized to 0. Let § € (0,1] denote the discount
factor common to all bidders and the seller.

Bidder ¢’s valuation for each unit of the good is v;; that is, a bidder’s valuations for the units are
perfectly correlated. Bidders’ valuations are private information and are identically and independently
distributed across bidders, according to the c.d.f. F(-), with positive density f(-), over [v,7]. Let G(-) (re-
spectively ¢(-)) denote the c.d.f. (density) of the highest order statistics v(ff = sup {v1, ...Vi—1,Vit1, ....On }

for a given i: G(v) = [F(v)]" " .Let a bidder’s virtual valuation function be given by

1—F(v)
flo)

5Several papers are concerned with the so-called “declining price anomaly,” which relates to evidence that in sequential
auctions, sale prices have a tendency to decrease: see e.g. Ashenfelter (1989), Black and deMeza (1992), Gandal (1997),
McAfee and Vincent (1993), Gale and Hausch (1994), Gale and Stegeman (2001), von-der-Fehr and Morch (1994), Jeitschko
(1999) and Gale, and Hausch and Stegeman (2000). Contrary to our paper, they do not allow for an active role for the
seller.
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We will make the standard regularity assumption of double monotone likelihood ratio property:

Assumption: ‘?((;j)) is increasing and =X

f(v)

is decreasing in v.

The seller sets the reserve price R; for the ..rst ascending-price auction and then, after having observed
the ..rst-auction outcome, the reserve price R, for the second auction. In each auction, the price starts at
the reserve price. If all bidders are “out”, there is no sale. If only one bidder is “in”, he gets the good at
the reserve price. If at least two biders are “in”, the price continuously increases until all bidders, except
one, leave the process. The winner pays the highest price at which his most aggressive rival got out. All
ties are resolved by random draws.®

We study the symmetric perfect Bayesian equilibria of this game with the following standard proper-
ties: (1) bidders only use (weakly) undominated pure strategies; (2) each bidder’s bid function is piecewise
(weakly) monotone; that is, it has at most a ..nite number of discontinuities, with one-sided limits at each
point of discontinuity, and [v, 7] is partitioned into a ..nite number of subintervals over each of which the
function is weakly monotone.’

2.2 Benchmarks

The optimal static auction for a single object in a one-shot version of this setting has been characterized
by Myerson (1981). In this symmetric and regular setting, the revenue equivalence theorem applies and
the optimal (revenue-maximizing) auction procedure can be implemented by any of several standard

auctions (e.g., ..rst-price, second-price, ascending, etc.) with a reserve price R, given by

{Jl(O) if J(v) <0
Ry = .
v otherwise.

When he gets ex ante the additional information that all bidders have valuations in a sub-interval

[ve,vE] C [v, 7], the seller’s updates his beliefs so that bidders’ valuations are i.i.d. according to the c.d.f.

6This version is often called a Japanese auction.
"As we shall see, contrary to the static case, in our setting monotonicity of the bid function over the whole range [v, ]
does not immediately follow from incentive compatibility.



AP0 on [y, vy]. Let

F(vm)—F(ve)

M
=y
|

Jog wx (R)

It is simple to check that under our assumption on F(-), Jy,, », (R) is an increasing function of R and a

decreasing function of vy; hence, the optimal reserve price R,, ., is determined by:

R T e (0) i Ty (vr) <O
vLoH VL otherwise.

R,, vy is non-decreasing in vy and in vy, (in fact, if J,, ., (vz) > 0, then R, ,,, does not depend on
vr). Note also that this optimal reserve price does not depend on the number of bidders.

In our repeated auction setting, suppose that the seller can commit to the sequence of reserve prices
Ry and Ry in the successive auctions (with Ry possibly depending on the outcome of the ..rst auction).
By the revelation principle, the seller cannot raise a higher revenue than the one he would obtain in an
optimal static mechanism in which buyers are asked to report their valuations. Since buyers have the
same valuation for the item in each period, the optimal mechanism for the seller is Myerson’s optimal
auction of the bundle composed by the two units of the good, with a reserve price of Ry + 6 Ry. It is clear
that if the seller must sell the goods in sequence, but can commit to a sequence of reserve prices, then
Myerson’s optimal auction can be implemented by a repeated standard auction with a reserve price of
Ry in both periods.

The problem is, of course, that after the conclusion of the ..rst auction the seller would want to renege
on his promise not to change the reserve price. Moreover, if no bidder participated in the ..rst auction

both the seller and the bidders would prefer to break the seller’'s commitment and renegotiate.

3 Bidding Behavior for a Given First Auction Reserve Price

From now on, we suppose that the seller cannot commit to the sequence of reserve prices. In this section,

moreover, we take the ..rst auction reserve price R; as given and investigate the continuation equilibrium.



The second auction is a standard ascending auction with private values. So, irrespective of their
beliefs, it is a weakly dominant strategy for bidders to participate as long as their valuation exceeds the
reserve price Ry, and to exit when the price reaches their true valuation v;. The second auction optimal
reserve price, however, depends on the seller’s beliefs about the bidders’ valuations; each bidder has then
an incentice to deviate from the one-shot truthful bidding strategy in the ..rst ascending auction in order
to try to induce the seller to set a lower reserve price in the second auction. It is therefore critical to
analyze the amount of information that ..Iters out of the ..rst auction. The seller knows at what price
each loser dropped out, who won the auction, and what was the ..nal price reached in the process. How
these data are interpreted depends upon equilibrium bidding behavior in the ..rst auction.

3.1 Semi-separation with participation in the ..rst auction

We begin by looking at the case in which a positive measure of bidder’s types participate in the ..rst
auction. As we pointed out in the introduction, this setting exhibits strong similarities with dynamic
contracting models without commitment, such as Lacont and Tirole (1988). In their model no char-
acterization of the continuation equilibrium is available. It is only known that full separation of types
is impossible and a lot of pooling occurs in equilibrium. As will appear below, a remarkable result
in our setting is that equilibrium has a simple structure and pooling only takes the form of strategic
non-participation.

In static auction settings, a standard revealed preference argument shows that bidding functions
must be at least weakly monotone increasing in bidders’ types. Basically, this property is a direct
consequence of the property that bidders’ objective functions exhibit single crossing. No such direct
conclusion is available in our setting. In our dynamic model, the seller’s beliefs at the beginning of
the second auction are endogenous. An increase in ..rst-auction bidding may trigger an increase or a

decrease in the equilibrium reserve price in the second auction, and hence a decrease or an increase in

10



the probability of getting the second unit and in its equilibrium price for the winner. In other words,
the single-crossing property of the expected payoos of bidders at the beginning of the ..rst auction is an
endogenous equilibrium property that has to be proved along with the characterization of equilibrium
behavior. Lemma 1 and 2 below characterize the equilibrium bidding functions and show that they are
indeed monotone increasing. Although the result is natural, the intricacy of the proof shows that the
intuition simply based on single-crossing arguments is not su¢cient in complicated (dynamic) strategic
settings.

Given the reserve price Ry, suppose that a symmetric, pure strategy equilibrium of this continuation
game exists, and let 3(-) be the ..rst-auction equilibrium bidding function. We will restrict attention,
w.l.o.g., to right-continuous bidding functions.® This enables us to de..ne v, as the lowest type that
participates in the ..rst auction. Suppose v, < 7; that is, suppose a positive measure of types participates
in the ..rst auction. Piecewise monotonicity of 5(-) implies that there is an interval of types [v., vr) where
the function j3(-) is continuous. The point vr is the ..rst point of discontinuity of 5(-) to the right of v,
(by de..nition, types below v, do not participate in the ..rst auction). If 5(-) is everywhere continuous to
the right of v,, we let vr equal ©. We begin by showing that types in the interval [v,, v7) bid their true

valuations.

Lemma 1 : Suppose the continuation game following a given R; has a symmetric, pure strategy equi-
librium and that a positive measure of types participates in the ..rst auction. Let v, be the lowest type
participating in the ..rst-period auction and vy be the ..rst point of discontinuity of 5(-) to the right of v,.

Then, 8(v) = v for all v € [v,,v7).

Proof. When there is active bidding in the ..rst auction, it becomes known to the seller that the

81f v is a point of discontinuity of G(-), then it must be the case that type vr is indizerent between bidding
lim infy ., B(v) and limsup,,_,,,,. B(v). This follows from the fact that, for all € > 0, type vz + ¢ prefers the bid 3(vr +¢)
to the bid B(vr — €) while type vy — & has the opposite preference. The restriction is therefore innocuous.

11



highest valuation is at least equal to v,. Therefore Ry > v. and type v, cannot make any pro..t in the
second auction. Type v, then bids in the ..rst auction as in a static auction: §(v.) = v. (which imposes
vs > Ry).

Fix any vy such that v, < vy < vy and suppose that 3(vy) = vg while for any v < v, 6(v) < vy (and
we let G(v) = 0 for a non-participating type v < v,). We proceed in several steps to prove that to the
right of vy, it must be the case that 5(v) = v as well. Then, given that §(-) is continuous in [v., vr), the
lemma follows.

Step 1: 3(-) cannot be locally constant on some [vg, vo + €o)-

Suppose, to the contrary, that 3(vy + ¢) = vg for all € € [0,e9). Consider bidder i of type vg + ¢
deviating to vy + ¢ instead of bidding vy. The ..rst-auction gains from this deviation are at least equal
to the gains from being the sole winner instead of having at best a 3 probability of winning when

)

ORI S [Uo,vo —I-S()), that is:

—1

[G(vo +0) — G(vo)] .- 1)

N ™

This deviation may also cause a loss in the second auction. This can only happen in the event that the
deviation azects (increases) Ro and the bidder expects positive gains from the second auction, that is
when v(ff € [vg,vp + €). At worst, in this event, the deviation induces Ry > vy + ¢ while bidding 5(-)

would induce Ry < wg; that is, an upper bound of the loss is:

vo+e€
5 / (v0 + & — 3) dC(y). @)

The net expected gain from the deviation is bounded from below by the direrence between (1) and (2),
that we call A(e). It is simple to see that A(0) = 0 and A’(0) > 0. Hence for a succiently small ¢,
A(e) > 0 and the deviation is pro..table.

Step 2: 3(-) cannot be locally decreasing on some [vg, vp + £).

Suppose, to the contrary, that §(-) is strictly decreasing on [vg,vg 4+ €p). Then, the analysis of the

12



deviation by type vy + € from (v + €) to vy + £ proceeds along similar lines as in Step 1 and yields a

lower bound for the expected gains equal to:

vo+e

vo+e€
A@r:/ <m+s—ﬂ@»ﬂxw—6/ (vo + & — y) dG(y)

Vo Vo

which is positive for small enough ¢ > 0.

Step 3: 3(-) cannot be strictly increasing and such that 5(v) < v on some interval (vg,vo + £0).
Suppose to the contrary that, for all € € [0,9), G(-) is strictly increasing and B(vo +¢) < vg +e. A

deviation by bidder i of type vy + ¢ from 5(vy +¢) to vy + € strictly increases his ..rst auction gains since

there is a positive probability that the rival has valuation in (vy + €,vo + &9). This deviation can only

make a digerence in the second auction if vV

Y/} < wo+e¢, otherwise bidder ¢ does not expect any pro..t from
the second auction. But this implies that rivals drop out at the same prices, irrespective of i’s deviation,
and R, cannot be acected by i’s deviation. The deviation is thus pro..table.
Step 4: ((-) cannot be strictly increasing and such that 3(v) > v on some [vg, vp + €p)-

Suppose, to the contrary that, for all € € [0,¢¢), 5(-) is strictly increasing and G(vo + ) > vo + €.

Consider a deviation by bidder ¢ of type vy + ¢ from 3(vy + ¢) to some b = 5(vg + 1) € [vo,vo +€). The

gain (avoided loss) in the ..rst auction is at least equal to

vo+e
/' (B(y) — vo — €) dG(y).

o+7n
At worst, this deviation may eliminate bidder i’s maximal possible gains in the second auction (namely
0 (vo +e— v(fi))) in the event that his deviation actually induces a change in Ry (that is, when v(fi) €

[vo + 1, v0 + €]). So, the net expected bene..t of this deviation is bounded from below by:

AE) = /%%ﬂmw—m—d—6m+e—mwaw

o+1n

vo+e
- / {1B(y) + 89) — (1+6) [0 + €]} dG ().

0+n

The function §(y)+ 6y is increasing over [vg, vo+¢) from (1+6)vg to B(vo+e)+6 (vo + &) > (1+6) [vo + €].

13



So, by choosing the unique 7 € (0, ¢) such that 5(vo+n)+06 (vo + 1) = (146) [vg + €], we have: A(e) > 0.
Thus, again, the deviation is pro..table.
So, these four steps prove that in a neighborhood of vg, 5(-) is equal to the identity mapping. Hence,

since /3(-) is continuous in [v,,vr), it must be the identity mapping over this whole interval. m

We now show that if a symmetric pure strategy equilibrium exists, then all participating buyers bid
up to their true valuations. That is, the characterization of bidding up to one’s true valuation extends

for all participating types of bidder and there is no discontinuity in the bid function above v,.

Lemma 2 : Under the assumptions of Lemma 1, the ..rst-auction equilibrium bid function is continuous

on [v., 7] and B(v) = v for all v € [v,, 7).

Proof. In light of Lemma 1, we only need to show that 5(-) has no points of discontinuity above v..
Suppose, to the contrary, that v; < v is the ..rst point of discontinuity to the right of v.. By Lemma 1
it must be 8(v) = v for all v € [v,,vr). Thus, given right-continuity, there are two possibilities: either
B(vr) > vp, or B(vr) < vp.

Case 1: g(vr) > vr.

Take er > 0 such that: 3() is continuous and G(v) > vp + e for all v € [vp,vr + ep]. Let
e(er) be the lowest ¢ € [0,e7] such that B(vr + ) = max, e[, vr1er] B(v) and let v(er) be such that
B(v(er)) = minyefyy vrter] B(v). A deviation by type vy +e(er) from G(vr+e(er)) to vr+e(er) induces

a gain in the ..rst auction that is bounded below by

S|

[B(v(er)) — vr — e(er)] [G(vr +e(eT)) — G(vr)] -

This bound is obtained by multiplying the minimum possible loss from winning with a bid 3(vr +¢e(er))
against a type in the interval [vr, vy + e7] with a lower bound on the probability of winning when at

least one of the other bidders’ valuations (but possibly all) is in the interval. Since the deviation can only

14



anect R, if o > vr, the loss in the second auction is bounded above by

—7 =

vr+te(er)
(5/ [UT + €(<€T) — U] dG(U) < (58(€T) [G(UT + €(<€T)) — G(UT)] .

v
The dizerence between the two bounds yields a lower bound A(er) on the net gain from the deviation.
It is clear that for a sudciently small e it is A(er) > 0, and thus the deviation is pro..table.

Case 2: ((vr) < vr. The proof of this case is similar to the proof of case 1 and is therefore omitted. m

We have established that if a symmetric, pure strategy, continuation equilibrium exists after a given
Ry, then types who participate in the ..rst auction bid up to their true valuations. Moreover, in this case
Bayesian updating of the seller’s beliefs provides, as a corollary, a characterization of the optimal reserve

price in the second auction.

e If no bidder participates at R;, then the seller updates his beliefs conditional on v; € [v,v,) for all

i and optimally sets a reserve price R.(v.) given by:

Ty (0) if Juw (U) <0
R.(v:) = Ry, = 2 2. (L 5
() = Hu {y otherwise. 3
Note that, given our assumption, if R.(v.) > v, then:
R;(U*) = /() > 0. (4)

2f(Ry) + Ruf'(Ry)

o If the winner is bidder w and p > R; is the ending price of the ..rst auction, then the seller updates
his beliefs conditional on v,, € [p,?], on any other v; being the price at which bidder : dropped from
the ..rst auction if 7 participated and v; € [v,v,) if ¢ did not participate. In other words, the seller
gets the information that one bidder has valuation above p while all other bidders have valuations
smaller than p. Consequently, the optimal reserve price in the second auction Ry(p) corresponds
to:

R (p) = Rp5 = sup{Ro,p} .

15



e If (as will be true) v. > R;, a winning price p € (Ry,v.) is an event oa the equilibrium path, for
which the seller’s beliefs and hence the second auction reserve price are not pinned down by the

equilibrium characterization.

Given this continuation strategy by the seller, we are in a position to characterize the set of reserve
prices Ry for which there exists a symmetric, pure-strategy bidding equilibrium with active participation
in the ..rst auction by a positive measure of bidders’ types, who bid up to their valuations. We call such

an equilibrium, a semi-separating equilibrium.

Proposition 3 : Consider the continuation game for a given R;. A pure strategy, symmetric equilibrium

with participation in the ..rst auction by a positive measure of types exists if and only if

Ri<rg Ei(l—&)—l—&/ sup {Ro,y} dG(y).

If this condition holds, the equilibrium is unique: bidders participate and bid up to their true valuation in

the ..rst auction whenever their valuation is higher than v, de..ned by:

o f " (on — sup {y. Ru(0,)}) dC(y) = (0 — Ba) Gl(ws), 5)

Below v, bidders refrain from participating in the ..rst auction.

Proof. Fix R;. From Lemma 2, it remains to be shown that truthful bidding above some v, is an
equilibrium and to characterize v.. Suppose all bidders but bidder i bid accordingly and consider bidder
1 of type v;.

What are bidder i’s expected pro..ts from not participating? If v(ff > wv,, the second auction
reserve price will be set at sup {v*,v(_Qg,Ro}, where v(_Qi) is the second rank-order statistics among
(v1,...v;-1, V11, ---Up ). The second-auction sale price conditional on bidder i’s winning the second auction
will then equal:

sup {v*, v(j?, Ry, v(_li)} = sup {Ro, v(_lq-,)} = RQ(U(—li))'

16



If v(_li) < v,, however, the reserve price in the second auction will be set equal to R.(v,). Overall, bidder

i’s expected pro..ts from not participating in the ..rst auction are:°

6 /v* (vi — sup{y, R.(v.)}) " dG(y) + ‘5/ (vi — Ra(y)) " dG(y) (6)

where the last integral appears only when v; > v,.
What if bidder i participates and decides to drop out at price b? Suppose ..rst that b > v,; that

is, b is on the candidate equilibrium path. Either bidder i wins, i.e. b > v and the second auction

—7 1

reserve price will be set equal to sup {v*,v(l) RO} = sup{vs, RQ(U(_li))}, hence independently of b. Or he

)

—7 1

loses, i.e., b < » in which case the second auction reserve price is set equal to sup {b,v(_Qf,),Ro}. So,

in the event where he wins the second auction, that is when v; > v}, bidder i will pay a price equal to

sup {v*,RQ(v(_li)}. So, by bidding up to b > v,, bidder ¢’s expected pro..t is:

Vi

b
(v — R1) G(u) + / (v; — ) dG(y) + 6 / (v; — sup{v,, Ro(y)})* dG(y). @)

Ve v

Suppose then that b is o= the equilibrium path: b € [Ry,v.). Either bidder ¢ wins, i.e. o) <,

(3

and the second-auction reserve price will be set equal to Rz(v.), independently of b. Or, he loses, i.e.,
b<wv, < v(fi), and then we assume the seller holds beliefs about the bidders’ types that leads him to ..x
Ry =1 > Ry (e.g., the seller believes that i’s valuation is at least v,). The price bidder ¢ will pay if he

wins the second auction is then sup {v(l), r} > RQ(’U(_IB) and his expected pro..t from bidding b € [Ry,v.)

—1

IS:
V4

(vs — R1) G(v.) + 6 / (v = sup{Ra(v). ) dG(w) +0 [ (o= supfp ) AW, @)

v VUx

where the last integral appears only when v; > v,.
Note that sup{Ra(v.),y} = sup{v., Ra(y)}. Hence, for v; > wv,, it is immediate from (7) and (8)

that bidding b > v, is preferred to bidding b € [Ry,v.). Moreover, optimizing w.r.t. to b in (7) yields

9We let (z)* denote sup {z,0}.
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b = v;. For v; < v, it is also immediate from above that bidding b = v, is at least as good as bidding

any b € [Ry,v.), given that sup {v(ff

,7‘} > Rg(v(fi)) and preferable to any b > v,. It follows that, if he
participates, then the best reply of player i of type v; is to bid sup{v;, v.}.
Given the slopes in v; of the expressions in (6) and (7), and the fact that [v — Ry(v)]" = 0 for all v,

there is a unique participation cuto= valuation v, determined by:

o f " (o — sup {y. Ru(02)}) dC(y) = (0 — B1) Glws), ©

and truthful bidding above this v, is indeed part of a continuation equilibrium, given R;.
Note that for v, = Ry, the LHS of (9) is positive while the RHS is null. The function given by the

dinerence between the RHS and the LHS in (9) has a total derivative w.r.t. to v, equal to
(1= 8)G(v) + 6B, (v.) [G(v4) — G(Ra(v:)] + (02 — R1)g(vs)

which is positive for v, > R;. Hence this function is monotone, negative for v, = R;. Since R.(7) = Ry,

it follows that a solution exists if and only if:

Ry <7(1 _5)+6/ sup { Ro, y} dG(y) = ro.

v

This completes the proof of the proposition. m

Note that Ry < rg, so that for Ry < Ry, a semi-separating equilibrium always exists. Note also that
since R.(vs) < vy, if Ry > v then we have v, > Ry; that is, some bidders with valuations higher than the
reserve price do not participate in the ..rst auction.

In the ..rst auction, a bidder is concerned that if he turns out to be the highest bidder and to win the
..rst unit, then he might disclose so much information about his valuation that the seller would be in a
position to capture all his rent in the second auction, by setting a reserve price equal to his valuation. An

ascending-price auction format, however, is ample enough protection against the seller’s opportunism,
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as it only provides a lower bound on the winner’s valuation. Bidding truthfully in an ascending auction
amounts to perfectly revealing one’s own valuation only when one does not win; but if a participating
bidder does not win the ..rst auction, it is because there is another bidder with a higher valuation. Thus,
when losing in the ..rst auction the bidder knows that he will also lose in the second auction and does
not care about revealing his valuation. In other words, there is no point for a bidder to get out of the
..rst auction when another bidder is still in and the price has not yet reached his true valuation.

However, if no other bidder participates in the ..rst auction, it may make sense for a bidder with a
value above the ..rst-auction reserve to not participate either, in order to induce the seller to decrease
the second-auction reserve price. By not participating when nobody else does, a bidder induces the seller
to hold more pessimistic beliefs; namely, to believe that all bidders have valuation below some threshold
v, instead of being identi..ed as the only bidder with valuation higher than v.. When v is close to Ry,
the bidder has not much to expect from the ..rst auction; by not participating he can intfuence the
second-auction reserve price and raise his expected pro..ts. This explain why the participation threshold
v, is strictly higher than the ..rst-auction reserve R;. The threshold value v, is precisely the type who
is indizerent between v, — R; with probability G(v.) today and the expected pro..t that he would make
tomorrow by not participating today.

Note that although truthful bidding is an equilibrium behavior for the participating bidders in the ..rst
auction, it is by no means a dominant strategy. As we shall see in Section 5, in sealed-bid auctions, as in
the standard contracting literature without commitment, truthful bidding is impossible, since monotone
bidding functions would reveal the winning bidder’s true valuation through his ..rst-auction bid, and

hence would wipe out his informational rent in the second auction.
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3.2 Full Pooling with No Participation in The First Auction

We now investigate whether there exist continuation equilibria with no bidders participating in the ..rst
auction. In this case, it is clear that in equilibrium the seller does not update his beliefs and will optimally

..X a reserve price equal to Ry in the second auction.

Proposition 4 : Consider the continuation game with a given R;. There exists a full pooling equilibrium
where bidders refrain from participating if and only if R; > rq and, in this case, there is no other pure-

strategy symmetric continuation equilibrium.

Proof. Given Proposition 3, it remains to show that non-participation is an equilibrium strategy
when R; > ro. If nobody else participates, bidder ¢ with valuation v; then simply expects the following
equilibrium payos:

5 / " (0 — Roly))* dC(y)

from non-participating. By deviating, i.e. by participating, he could win the ..rst auction for a price of
R;. Since participation is oo the candidate equilibrium path, assume the seller’s beliefs after observing
participation are concentrated on the highest type 7, which results in a take-it-or-leave-it ocer at price ©
in the second auction. (Note that these beliefs provide the least incentives for participation and thus are
the most favorable for the existence of a pooling equilibrium with no bidders participating.) The bidder

then earns no pro..ts from the second auction. The equilibrium condition is then: for all v;,

6/% (vi — Ra(y)) " dG(y) > vi — R,

Given that the LHS increases less steeply with v; than the RHS, a necessary and su€cient condition

is therefore that the above condition holds for w:

Ry >v(1-46)+ 6/1) R(y)dG(y) = ro.
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This completes the proof. m

Therefore, for a given value of R;, there exists a unique pure-strategy, symmetric equilibrium. Un-
surprisingly, if the reserve price in the ..rst auction is su€ciently large, namely above ry, then bidders do
not participate. Their prospects from ..rst-auction participation are too low compared to the potential
bene..ts of winning the second unit in a second auction with a low reserve price. If, on the other hand,
the reserve in the ..rst auction is su¢ciently low, below rq, then equilibrium is semi-separating (monotone
increasing for high types), with bidders having high valuations (i.e., values v; > v,) participating in the

..rst auction and bidding up to their valuations.

4 Equilibrium and its Properties

The previous section characterized the (pure-strategy, symmetric) continuation equilibria for a given
reserve price Ry chosen by the seller in the ..rst auction. It is now a straightforward task to characterize
the global equilibrium, namely the equilibrium reserve price R; endogenously chosen by the seller, and
the ensuing continuation equilibrium. We will show that the seller always induces participation by a
positive measure of bidders’ types; formally, v, < ©. We also show that, in the ..rst auction, there is
less equilibrium participation than in the optimal one-shot auction; formally, v, > Ry. On the contrary,
the probability that at least one bidder participates in the second auction is higher than in the optimal
auction; formally, R, (v.) < Rp.

Recall ..rst that (5) provides a one-to-one mapping from R; to the ensuing equilibrium participation
threshold v.. It is indeed more convenient to think that the seller sets directly the participation threshold

v.. Rearranging (5) we then obtain that the reserve price in the ..rst auction equal to:

" G)
Ry =v, — (‘5/ dv. 10
' Ro(v.) G(s) (10)

Recall also that (3) determines R.(v,), that is the second-auction reserve price whenever no participation
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took place in a ..rst auction characterized by the participation threshold v,, while Ry (p) = sup{p, Ry}
is the equilibrium reserve price in the second auction after the ..rst auction concluded at a ..nal price
p > v,. Characterizing the global equilibrium amounts then to determining the equilibrium participation
threshold v.. To simplify the notation, in the rest of this section we will omit the argument of R, (v.)

and simply write R,.

Proposition 5 : There exists generically a unique perfect Bayesian equilibrium (with pure-strategy,

symmetric, continuation equilibria). It corresponds to a participation threshold v, that solves:
6G (R.) R, [1 — F(R.) — Ri f(R.)] + G(vs) [1 — F(vs) — vif(vs)] = 0. (11)
Furthermore, if f(¥) > 0 and Ry > v the following strict inequalities hold:
R, < Ry < vy <7,
while if Rg = v, then v, = R, = Ry = v.

Proof. Using the fact that the joint density of (v(*),v(?)) is given by nf(v™)g(v®)1 (@ <,), We

can write the seller’s expected pro..ts as follows (the ..rst integral relates to v(?), the second to v():

(R vi) = 6n/ /{R }sup{R*,y}f(x)g(y)dxdy
sup{R..y

—|—an/ / f(x)g(y)dzdy + 6nRa(v. / / y)dzdy
RQ(’U

+n/ / yf(x dmdy—l—&n/ / Rs(y )g(y)dzdy.
R(y)

Integrating over x and replacing R; using equation (10), one obtains:

w(ev) = on [ " Sup{ Ry} [F () — F (sup{ Revy))] 9(y)dy
nll— F)] [U*Gw*) ) " G(y)dy] T nRa(e) [1 — F(Ra(0))] Glv.)

tn / "yl - F(y)) gly)dy + bn / " Ra(y) [1 — F(Ra(y)] 9(y)dy.
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Recalling that J(v) = v — =20 it follows that:

f(v)

1 0rm

Eav* = _f(v*)J(v*)G(v*) [1 -6+ 51{1;*21?,0}} )
1 or
g@R* = —6G(R.) f(R+«)J(Ry).

Suppose ..rst that v. < Ry, then given our monotone likelihood property assumption: J(R.) <
J(vi) < J(Rp) = 0. Since R, > 0, it follows that % > 0. It is not optimal for the seller to choose R,
so as to induce v, < Ry.

Suppose then that v, > Ry > v. For v, = Ro, J(R.) < J(v«) = J(Ro) = 0 and so,

1 dr

o, v-=ro= —0f ()T (R)G(R.) R (Ro) > 0.

This implies that in equilibrium v, > Ry. On the other hand, for v, = 7, R, = Ry and J(R.) = 0 while

J(vs) > 0. It follows that

Ldr
n dv,

v.—5=—f(0)0 < 0.

Hence, in equilibrium, v, < o and there is participation in the ..rst auction. The equilibrium participation
threshold v, is given by the maximum condition v, € arg max, m(R.(x),x), hence the generic uniqueness.

It follows also that the FOC:

—5f(R)J(R)G(RR. — f(v,)J (1,)G(v,) =0

holds, where R.(v.) depends on v,. This implies that if Ry > v, then R.(v.) < Ry < v, < 0. If Ry = v,

then, clearly, v. = R, = Ry = v. This completes the proof. m

Proposition 5 asserts that in equilibrium the seller strategically chooses the ..rst-auction reserve price
s0 as to induce a positive measure of bidders’ types to participate, but less than in a one-shot auction; that
is, less than if he were able to commit not to use in the second-auction the information revealed by the

dizerent bids in the ..rst auction. Non-commitment therefore induces a reduction in participation in the
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.rst auction. Although truthful bidding is still an equilibrium strategy for participating bidders, strategic
retention of information takes the form of intermediate-valuation bidders refraining from competing in
the ..rst auction to avoid revealing information on their types, compared to the situation where this
information would not be used.

Although participation is the relevant measure of the ..rst-auction performance, note that our results
do not imply that the actual reserve price chosen in the ..rst auction is larger than when the seller can
perfectly commit to the sequence of reserve prices. Indeed, it is possible that Ry < Ry and still Ry < v,.
A simple examination of (10) allows us to assert that the dizerence (v. — Ry) decreases when n increases,
but no result with respect to the comparison with Ry is available.'°

Comparative static results with respect to 6 are also immediate by inspection of (10) and (11). When
6 vanishes, the equilibrium converges to the one-shot auction equilibrium. When § increases, v.. increases
above R, but stays bounded away from ©, while R, increases and stays bounded away from R,. Strategic
manipulation through non-participation in the ..rst auction becomes more costly.

It is also clear that the seller cannot make a higher expected revenue in the repeated ascending
auction without commitment than in the optimal dynamic auction, with commitment on reserve prices.
We show, indeed, that the seller makes strictly less; that is, there is a positive cost for the seller to his

lack of commitment power over reserve prices.

Proposition 6 : The seller’s expected revenue in the repeated ascending auction is strictly less than in

the optimal sequential auction under full commitment.

Proof. =From the proof of Proposition 5, aa—lgl(R, v) >0 > g—g(R, v) for all (R,v) such that

R. < R < Ry < v < v,. Therefore, m(R.,v.) < w(Ro, Ro). Since w(Ry, Rp) is precisely the seller’s

expected revenue in the optimal sequential auction under full-commitment, the proposition follows. m

101t is also immediate and no surprise that: lim, o v« = lim, oo R1 = Ro.
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5 Seqguential Sealed-Bid Auctions

We now focus on a situation with two sequential, second-price auctions. The critical dicerence with the
case of sequential ascending auctions is that the seller observes all n bids, as opposed to just observing
the » — 1 losing bids. This has important implications for the reserve price that the seller sets in the
second auction and, consequently, on the equilibrium in the ..rst auction. We prove that for any value of
Ry, there cannot exist any symmetric, pure strategy, bidding equilibrium in the ..rst auction with weakly
increasing bidding functions, conditional on participation, apart from a full pooling equilibrium among
participating types. In particular, full separation among participating types is impossible. In contrast
with the previous sections, these results are perfectly in line with the literature on the ratchet exect, in
particular with Lazont-Tirole [1988].1!

As for sequential ascending auctions, it is a weakly dominant strategy for bidders in the second auction
to participate and bid their true valuation whenever it exceeds R,. Let R; be the ..rst auction reserve
price. We only consider symmetric, pure strategy equilibria of this continuation game, such that the ..rst
auction equilibrium bidding function §(-) is weakly increasing whenever relevant, that is whenever the

bid exceeds R;.1> We are able to prove the following result.

Proposition 7 : There exists r; < rg such that if r; < R; < rg, there exists a unique symmetric, pure
strategy, weakly increasing equilibrium in the ..rst auction; all types v above a threshold v..(R;) participate
and bid 3(v) = v.(Ry), while types below v,(R;) do not participate in the ..rst auction. If Ry < r1, no

symmetric, pure-strategy, weakly increasing equilibrium exists.

Proof. Suppose ..rst there exists a symmetric, pure-strategy, weakly increasing equilibrium, with

11 As a consequence, the proofs in this section do not provide many details especially as they follow similar steps as in the
previous sections, with similar notation.

121t is easy to eliminate the possibility of weakly-decreasing equilibrium bidding functions 3(-), but we have not been
able to eliminate the possibility of non-monotonic equilibria. Given our purpose of stressing the dicerence with the case of
sequential ascending auctions, considering only weakly increasing equilibria seems a mild restriction.
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bidding function §(-). Let v, be the lowest type participating in the ..rst auction and vr the lowest
discontinuity point of 3(-) above v.. Asin Lemma 1, 5(v.) = v. (which imposes v, > Ry).

Step 1. There must exist vy € [v.,vr) such that S(v) = v for v € [v.,vy] and B(v) = vy for
v € [upr, vr).

Fix any vy € [v., vr) and suppose that 5(-) is strictly increasing on some [vg, vg +€9). A bid 5(vo +¢€)
for any ¢ € [0,eq) reveals the type vy + ¢, so that the second auction reserve price after observing a
(non-necessarily winning) bid 8(vg 4+ ¢) must be larger or equal to vy + <. If, for a positive measure of ¢,
B(vo + €) # vg + ¢, a deviation to bid vy + ¢ entails no loss in the second auction and yields a positive
expected gain in the ..rst auction, because with positive probability the opponents’ highest bid lies in
the interval with endpoints §(vy + ) and vg + €. So, 8(v) = v on [vg, vy + €0) and continuity on [v., vr)
yields the result.

Step 2: 3(-) must be continuous on [v., 7].

Suppose there is a jump up at vr. Suppose moreover that §(-) is strictly increasing in [v.,vr). Then,
for € small enough, a bid G(vr +¢) > vy implies Ry > vr +¢e. A deviation to a bid vr + ¢ by type vy +¢
entails no loss in the second auction and generates a gain with positive probability in the ..rst auction.
Thus, if there is a jump at vy, then 3(v) = v for all v € [v.,vp] and B(v) = vy for all v € [var, vr), with
vy < vp. A similar argument implies that the jump must be to vr; that is, 5(vr) = vr, and type vy
must be indirerent between bidding v,, and bidding vr.

Consider now types vp — ¢, for ¢ small enough. Recall that after observing winning bid(s) equal to

v, the seller optimally sets Ry = R,,,, . Bidding vy therefore yields:

T = (op—e— R)G(v,) + / (vr — & — )dG() + (vr — & — var)T(var, vr)
+6(UT —&€— RUM,PT)G(RPM,UT) + (S/ (UT —&€— y)dG(y)7
R

VM VT

where T'(vas,vr) is the probability that a bid vy, wins when at least one of the other players also bids
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VM-

n—1
T(or,vor) = —(”‘1) F(or) — F(oan)]* [F(opr)]™

A deviation by types vp — ¢ to the bid vy — ¢ yields at least (with zero gains in the second auction):
7P > (vp — e — R1)G(vy) +/ (vr — e —y)dG(y) + (vr — & — var) D(var, vr), (12)
where D(vas, vr) is the probability that the highest bid of the other players is vj:

Dlensser) = 32 (") 1PGer) = o P = Gler) — 6o

The gain from the deviation 7 — ¥ is at least equal to:

Ae) = (vr — e — o) [D(var, vr) — T(vpr, vr)] — 6(vr — e — vp) G(upr) — (5/UT8(1}T — e —y)dG(y).

UM

Direrentiating with respect to ¢ we have
A/(&‘ = O) = — [D(UM,UT) - T(UM,UT)] + (SG(UT).

For type vr, 70 satis..es (12) as an equality with ¢ = 0 and since vz must be indizerent between bidding

vr and bidding v,, we have A(0) = 0, and so:

D(wat, vr) — T(oar, v7) — 6G(var) = 6 / L dG(y) < G (or) - 6G(vw)

It follows that:

0> D(UM,UT) — T(UM,UT) — (SG(UT) = —A/(&‘ = 0).

Hence A’(e = 0) > 0 and A(e) > 0 for £ su€ciently small; the deviation is pro..table for type vy — .
Consequently, there cannot be a jump up in the bid function.

Step 3: There cannot exist vy > v, such that G(v) = v on [v., vp] and G(v) = vas ON vy, B).

27



Suppose (v) = v on [vs,vpr]. After observing a winning bid v € [v.,vp], Re = v.

vg € vk, vpr). Bidding 5(v) = v yields:
7 = (= R)G() + [ (00— 1)dG()
Deviating on a bid vy — ¢ > v, yields at :

P = (UQ—Rl +/ 'UO_ (y)

—HSEG Uo—&‘ —|—(5/ 1}0— y)

The gain from the deviation is

Ae) = 6eGvg —e) — (1 = 6) /UO (vo — y)dG(y).

Consider

Note that A(0) =0, A’(e = 0) = §G(vg) > 0. Hence A(e) > 0 for £ su€ciently small and the deviation

is pro..table for type vy.

Thus, the only possible symmetric pure strategy equilibrium is 5(v) = v, for all v € [v,,7] and no

participation of types below v..
Step 4: Determination of v,.

Type v,’s payoa from not participating is

5/“m—mm%&mﬁmmw

while the payor from participating is

(v = R1) [G(vs) + T(04, )] = (vx — R1) %

Indicerence of type v, between participating and not participating in the ..rst auction gives:
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Following similar steps as in the discussion of (9) in the proof of Proposition 3, and noting that Ji—ﬁ%]ﬂl
is larger than G(v,) = [F(v,)]""" and is equal to 1 when v, = o, it follows that (13) de..nes a unique
increasing solution v.(Ry) within (Ry,?) if and only R; < rg, and has no solution when R; > ry (in
which case the LHS is larger than the RHS for all v,).

Step 5: Full pooling above v, is an equilibrium.

Suppose R; is such that (13) determines v.(R;) < Ry. After observing a bid v, in the ..rst auction,
the seller sets a second period reserve equal to R,, ; = Ro. Then, type v such that v, < v < Ry is better
oa deviating to the bid v rather than bidding v.. Thus, full pooling above v, can only be an equilibrium
if Ry is such that v.(R;) > Ry. This condition implies that R; be large enough, with a lower bound
smaller than rq since for Ry = rg, v. = v > Ry.

Suppose then that R; is such that v.(R;) > Ro; this implies R, = v, if at least one bidder bids v, in

the ..rst auction. In the pooling equilibrium, the equilibrium payos of type v, with v > v,, is:
(v = R)G(0.) + (0 = 0.)T(0.,) + 60 = 0.)G(0.) + 8 [ (0= )G(w).

The payor from a deviation to the bid b > v,, when the seller’s beliefs induce R, =7 (S0 as to make any

deviation as unpro..table as possible) is:
(v—R1)G(vs) + (v — v4) D(vs, D).
The gain from the deviation is
A3 = (0= ) [D(017) = T(007)] = 60— 0)Gl02) 8 [ (0= )aGw)
Direrentiating with respect to v we have
Ay (v;v,) = D(vs,0) — T(v4,0) — 6G(v),

which is a decreasing function of both v and v,. Let vz be the unique solution of A;(vz;vz) = 0. Note
that necessarily, v < vz < ©. Then, observing that A(v,;v.) = 0, Ay(v;v,) < 0 for all v > v, > vz,
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while there exist v and v, such that A;(v;v.) > 0 if v. < vz. Thus, 8(v) = v, for all v € [v,.,7] is
an equilibrium if and only if v, > vz (provided v, > Rp). This last condition implies that R; be large
enough, with a lower bound smaller than r, since vz < v. Setting r; as the supremum of the two lower

bounds found in step 5 completes the proof. m

Observing all the bids, in particular the winning bid, therefore implies drastically diserent dynamic
considerations in terms of information disclosure imbedded in the ..rst auction bidding behavior. The
only (weakly increasing) bidding equilibrium with participation involves only the coarsest revelation of
information, i.e. pooling among all participating type.

When R; is small, namely R; < ry, no symmetric, pure-strategy (weakly increasing) equilibrium
exists.!* When R, is large, however, as in the case of ascending auctions, all bidders prefer to abstain
from participating in the ..rst auction and strategically wait for the second auction. The next proposition

is the counterpart of Proposition 4; the proof is analogous and is omitted.

Proposition 8 : If Ry > ry, there exists only one symmetric, pure-strategy equilibrium; no bidder

participates in the ..rst period auction.

6 Conclusions

We have shown that the equilibrium of the sequential ascending auction is much simpler than the equi-
librium of the sequential, sealed-bid, second-price auction. In particular, it only exhibits pooling in the
form of strategic non-participation in the ..rst auction by low valuation bidders. Thus, we have provided
rigorous content to the intuition by Ausubel and Milgrom (2001) that, from the point of view of protect-
ing bidders’ against future exploitation, the ascending auction is theoretically superior. This also helps
to explain why the ascending auction is so popular in practice.

Contrary to the Vickrey auction, whose practical use has been rare (see Rothkopft et al. (1990)),

13 Constructing an equilibrium appears to be a di¢cult task in this case. Our attempts have not succeded.
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the ..rst price auction is also often used in practice. While we have not analyzed sequential, ..rst-price
auctions, it seems clear that the ratchet ecect would be at least as serious as in second-price auctions. In
addition to having an incentive to conceal information from the seller, bidders would also want to conceal
information from each other, in order to acect bidding in their favor in the second auction. However,
as argued ..rst by Robinson (1985) the oral ascending auction is more susceptible than the ..rst-price
auction to bidders’ collusion (see Brusco and Lopomo (2002) for a recent application). Thus, while our
analysis supports the view that the ascending auction is superior to the other auction forms if the bidders’
concerns of future exploitation are a dominant factor, the ..rst-price auction is superior when the seller’s
fear of bidders’ collusion is the dominant factor.

Two important limitations of our model are that it only considers a sequence of two auctions and
that bidders’ valuations are perfectly correlated across time. In our view each of these limitations is less
problematic in view of the other. Under perfect correlation a bidder’s reluctance to reveal his valuation is
most severe. Thus, given our focus on assessing the extent to which the ascending-price auction minimizes
pooling of bids and complex equilibrium behavior, perfect correlation seems the appropriate assumption.
Once one has assumed perfect correlation, it is natural to look at a sequence of two auctions, for the
following reason. With perfect correlation of valuations, any sequence of auctions in which the highest
bidder becomes known degenerates into a sequence of ..xed-price ozers by a single seller to a single buyer.
Thus, before analyzing a model with an arbitrary, ..nite sequence of auctions we would need to solve the
single-seller, single-buyer model. Unfortunately, as pointed out by Lacont and Tirole (1993, p. 407),
“little is known about the equilibrium path for arbitrary horizons” of the single-seller, single-buyer, ..xed-
price contracting model without commitment. In our view, a more promising research direction is both
to relax perfect correlation of a bidder’s valuation across time and to allow for an arbitrary ..nite number

of auctions. We plan to pursue this line of research in the future.
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